Although SU(1,1) interferometry achieves Heisenberg-limited sensitivities, it suffers from one major drawback: Only those particles outcoupled from the pump mode contribute to the phase measurement. Since the number of particles outcoupled to these "side modes" is typically small, this limits the interferometer's absolute sensitivity. We propose an alternative "pumped-up" approach where all the input particles participate in the phase measurement, and show how this can be implemented in spinor Bose-Einstein condensates and hybrid atom-light systems -both of which have experimentally realized SU(1,1) interferometry. We demonstrate that pumped-up schemes are capable of surpassing the shot-noise limit with respect to the total number of input particles and are never worse than conventional SU(1,1) interferometry. Finally, we show that pumped-up schemes continue to excel -both absolutely and in comparison to conventional SU(1,1) interferometry -in the presence of particle losses, poor particle-resolution detection, and noise on the relative phase difference between the two side modes. Pumped-up SU(1,1) interferometry therefore pushes the advantages of conventional SU(1,1) interferometry into the regime of high absolute sensitivity, which is a necessary condition for useful quantum-enhanced devices.
Quantum correlations allow precision interferometric measurements below the shot-noise limit [1, 2] . This can be achieved by replacing the input state of a conventional interferometer with a nonclassical state; this is the approach being pursued in gravitational wave detection [3, 4] , where the vacuum port of a Michelson interferometer is substituted for a squeezed-light source. Unfortunately, the fragility of highly correlated quantum states to detection losses severely limits the quantum enhancement achievable in practice [5] . An alternative approach is to design an interferometer where the quantum correlations are generated within the interferometer, thereby making it robust to these losses. The archetypical example is a SU(1,1) interferometer [6, 7] , which is configured as a Mach-Zehnder with the passive beam splitters replaced by active nonlinear beam splitters that create or annihilate pairs of correlated particles [see Fig. 1(a) ]. This generates a high degree of particle entanglement within the interferometer, allowing phase measurements at the ultimate Heisenberg limit while additionally providing a robustness to inefficient particle detection [8, 9] . This excellent "per particle" sensitivity and robustness has resulted in a strong theoretical interest in SU(1,1) interferometry [10] [11] [12] [13] , and its experimental realization in optical systems [14, 15] , hybrid atom-light interferometers [16] , and spinor Bose-Einstein condensates (BECs) [17] [18] [19] .
Unfortunately, the prospect of a high-precision SU(1,1) interferometer is limited. In practice, it is difficult to engineer nonlinear active beam splitters that are both reversible and capable of outcoupling even modest numbers of particles. For example, the Heisenberg-limited phase measurement reported in [19] was made with a mere 2.8 ± 0.2 particles on average. Consequently, the promise of Heisenberg-limited sensitivities is of little practical benefit, especially when sophisticated classical interferometers display superior absolute sensitivities by many orders of magnitude and suffer none of the robustness issues that afflict quantum-enhanced devices. The crux of the issue is that SU(1,1) interferometry is inherently wasteful; it requires the generation and manipulation of large numbers of particles but does not make use of all these particles within the phase measurement. As a general heuristic, a necessary condition for a high-precision (i.e., useful ) quantum-enhanced device is that the quantum enhancement provide additional sensitivity beyond the shot-noise limit with respect to the total particle number.
In this Letter we present a modification to SU (1, 1) interferometry that (a) uses all particles to make the phase measurement, (b) gives sub-shot-noise sensitivities with respect to the total particle number, and (c) is surprisingly more robust than conventional SU(1,1) interferometry to inefficient particle detection. Our "pumped-up" approach linearly mixes the correlated pairs of particles with the pump mode(s) from which these particles are outcoupled and, therefore, represents only a small increase in the complexity of the interferometer design. Nevertheless, pumped-up SU(1,1) interferometry is, in principle, never worse than conventional SU(1,1) interferometry, and is usually orders of magnitude more sensitive, even in the presence of typical losses. We illustrate the general principles of pumped-up SU(1,1) interferometry by considering specific implementations in (i) spinor BECs and (ii) hybrid atom-light systems. Both platforms have experimentally realized proof-of-principle SU(1,1) interferometry [16, 19] and, therefore, represent strong candidate systems for implementing our pumpedup approach.
Conventional SU(1,1) interferometry.-The first beam Pumped-up SU(1,1) interferometry with three modes of a spinor BEC. Initially, all atoms are in the mF = 0 pump mode, assumed to be a coherent state |α0 with |α0| 2 = N .
The active beam splitterÛSMD is achieved via spin-mixing collisions between three hyperfine levels [see (i) and Eq. (2)], whereas the pump is mixed with the two side modes using a tritterÛtr(θ), engineered with coherent radio frequency pulses [see (ii) splitter in a SU(1,1) interferometer actively creates correlated particle pairs via parametric amplification, described by the unitaryÛ PA (r) = exp[−ir(â † 1â † 2 +â 1â2 )], whereâ 1 andâ 2 are the two bosonic modes that form the arms of the interferometer (the "side modes"). Since these modes are initially vacuum, this unitary produces a two-mode squeezed vacuum state -which is a coherent superposition of twin-Fock states -with average particle number N s ≡ 2 sinh 2 r [20] . These particles are assumed to be outcoupled from an undepleted reservoir (the "pump mode"), whose average occupation is much larger than N s . After some interrogation time, which imprints a phase φ/2 on each side mode, a second parametric amplifier reverses the first [see Fig. 1 (a)]; this is conveniently achieved by imposing a π/2 phase shift on the pump such that r → −r. A measurement of the number sum of the two side modesN s =â † 1â 1 +â † 2â 2 at the output is sensitive to the phase φ. Explicitly, at the optimal operating point φ = 0, the phase sensitivity of this measurement is Heisenberg limited with respect to N s :
We consider two physical systems which have experimentally realized SU(1,1) interferometry:
(i) Spinor BEC : The hyperfine manifold of a spin-1 BEC of ultracold atoms can be used to construct an effective three-level system. Spin-mixing collisions coherently outcouple pairs of atoms from the m F = 0 state (pump modeâ 0 ) to the m F = ±1 states (side modesâ ± ) [see Fig. 1(i) ]. The full spin-mixing dynamics are given by [21, 22] (2) whereN i ≡â † iâ i . By dynamically tuning q with a magnetic field, the quadratic Zeeman shift (third term) cancels collisional shifts due to s-wave scattering of the three modes (second term) [19, 23] . Then, provided N 0 N ± throughout the interaction time t, the undepleted pump approximationâ 0 → √ N holds (for average total particle number N ), and we realizeÛ PA (r) with r = N κt.
(ii) Hybrid atom-light system: Four-wave mixing (FWM) via a Raman pulse generates atom-light entanglement. For an atomic ensemble prepared in pump modê a 0 , a coherent optical pump beamb 0 transfers atoms from the pump to another atomic modeâ 1 , accompanied by the emission of a photonb 1 [see Fig. 1(iii) ]. Since outcoupling one atom correlates with the production of one photon this realizes correlated atom-light pairs according to [24] [25] [26] [27] 
If both pump modesâ 0 andb 0 remain highly occupied compared with the side modesâ 1 andb 1 , then the undepleted pump approximation holds (â 0 → N a0 and b 0 → N b0 if both pumps are in phase) and we realizê U PA (r) with r = N a0 N b0 κt.
Pumped-up SU(1,1) interferometry with spinor BECs.
-We aim to boost the absolute sensitivity of the interferometer by linearly mixing the pump modeâ 0 with side modesâ ± after the first nonlinear beam splitter described by Eq. (2). We do this via a variable-angle three-mode beam splitter (i.e. tritter ):
which evolves the modes according tô
where θ = Ωt and ϑ are the tritter angle and phase, respectively. A tritter is achieved by coherently coupling the m F = 0 state to the m F = ±1 states via a radio frequency pulse of Rabi frequency Ω and phase ϑ, as illustrated in Fig. 1 (ii). This can be done with high fidelity and on time scales much faster than the nonlinear outcoupling process or phase evolution, as demonstrated experimentally in [28] . After the first tritter, we assume a period of phase evolution that writes a phase φ/2 onto each side mode; the interferometer is then closed by implementing a second tritter (with θ → −θ, achievable by changing ϑ → ϑ + π) and second period of spin mixing [see Fig. 1(b) ]. We first quantify the effect of pump enhancement via the quantum Fisher information (QFI), which places a lower bound on the achievable sensitivity ∆φ ≥ 1/ √ F called the quantum Cramér-Rao bound (QCRB) [2, 29, 30] . This bound holds irrespective of the specific measurement signal at the output and phase-estimation procedure; here it is entirely determined by the input state, the dynamics of the first spin-mixing operation, and the first tritter (via the angle θ and phase ϑ). Specifically, within the undepleted pump regime the QFI is [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] 
where
For θ = 0 we recover conventional SU(1,1) interferometry with QFI F(0) = N s (N s + 2). Indeed, it trivially follows that max θ F(θ) ≥ F(0), proving that with arbitrary control over θ pump enhancement gives sensitivities no worse than conventional SU(1,1) interferometry -and as we will demonstrate, usually much better in practice. Maximizing Eq. (6) yields optimal parameters ϑ opt = 3π/2 and θ opt = 0, π/2, or π + 2csc 
Therefore, pumped-up SU(1,1) interferometry has an achievable sensitivity at least as good as the shot-noise limit (with respect to total particle number N ), and any quantum enhancement improves the sensitivity beyond this shot-noise limit. Conventional SU(1,1) is beneficial only when N s is of the same order as N , well outside both the undepleted pump regime and current experimental capabilities. Figure 2 (a) graphically compares our pumped-up scheme with conventional SU(1,1) interferometry; this includes analytic undepleted pump expressions and numerical truncated Wigner simulations [42] [43] [44] whereâ 0 is treated as a quantum degree of freedom, thereby incorporating the effect of pump depletion [31] . It was recently shown that the Loschmidt echo protocol saturates the QCRB [32] . In this protocol, the dynamics that evolved the initial state to the state with QFI F are reversed, and a measurement that projects the final state onto the initial state is made. For our scheme, this reversal corresponds to the second tritter and second spin-mixing step, followed by a measurement signalŜ LE = |α 0 , 0, 0 α 0 , 0, 0|. However, in practice superselection rules forbid measurements that project onto this initial pump coherent state; if instead we ignore the pump and choose a measurement signal S LE = |0, 0 0, 0| = N |N, 0, 0 N, 0, 0| we obtain the
An operationally more convenient approach is to measure the number sum of the side modes at the outputs [as done in conventional SU(1,1) interferometry]. Although suboptimal, this phase measurement is more robust to inefficient detection than a Loschmidt echo [46] and within the undepleted pump regime gives a phase sensitivity [31] 
where η(r) ≡ cosh(2r) − sin(2ϑ) sinh(2r). Optimal parameters ϑ opt = 3π/2 and θ opt = π/4 give minimum sensitivity ∆φ N ≈ 2 exp(−r)/ √ N . As confirmed in Fig. 1(b) , this is never more than a factor of 2 larger than the QCRB, and saturates this bound for N s 2.
Hybrid atom-light pumped-up SU(1,1) interferometry.
-As shown in Fig [47] . For simplicity, we assume the atomic and photonic beam splitters have identical angle θ and phase ϑ. As shown in Fig. 2(b) , pumped-up SU(1,1) interferometry within a hybrid atom-light system has qualitative similarities to the spinor BEC case and therefore possesses all the same advantages over conventional SU (1, 1) interferometry. One subtle difference is that the overall
Comparison of pumped-up and conventional SU(1,1) interferometry, engineered within (a) a spinor BEC and (b) a hybrid atom-light system (with n f = 1). The total particle number is N = 10
4 . Sensitivities are plotted in (i), while optimal tritter (or beam splitter) angles θopt for pumpedup interferometry are shown in (ii). For our pumped-up schemes, ∆φmin = 1/ F(θopt) is the QCRB and (∆φN ) 2 = min θ,φ Var(Ns)/|∂ N s /∂φ| 2 gives the phase sensitivity for a number-sum measurement of the two side modes at the output; these are plotted for ϑopt. ∆φ SU(1,1) = 1/ F(0) is the QCRB for conventional SU(1,1) interferometry, only saturated by a number-sum measurement of the side modes within the undepleted pump regime. Solid lines are analytic curves obtained in the undepleted pump regime (accurate to all orders of N -see [31] for exact expressions), whereas markers are truncated Wigner simulations which include the effects of pump depletion [45] . The four vertical lines indicate the degree of squeezing associated with four values of N s ; these mark experimentally accessible regimes ranging from currently achievable (3 dB) to extremely challenging (20 dB). enhancement depends on both the total particle number N (atoms + photons) and the fraction of initial pump atoms to pump photons, n f . Specifically, to leading order in N , the maximum QFI and minimum phase sensitivity for a number-sum measurement are [31] 
ϑ opt = 3π/4. For fixed N , the optimal regime is n f = 1, giving identical expressions to the spinor BEC case. More generally, there are likely to be considerably more photons than atoms (n f < 1); since photons are "cheap" compared with atoms (in the sense that there are more severe particle-flux constraints on atoms than photons [48, 49] ), a large absolute sensitivity could be obtained by increasing the number of pump photons (i.e. increasing N ) while simultaneously decreasing n f (therefore decreasing the per particle sensitivity), in the spirit of information recycling protocols [26, 27, [50] [51] [52] [53] . Effect of losses.-Finally, we compare the performance of both pumped-up schemes to conventional SU(1,1) interferometry under the following three experimental sources of loss:
(i) Particle loss: During spin-mixing dynamics of a spinor condensate particle loss is primarily caused by two-body recombination between atoms [54] [55] [56] , while for FWM within the hybrid atom-light system one-body particle losses are due to the spontaneous scattering of atoms and photons [24] . Two-body losses during the spin-mixing dynamics are modeled with the master equation
]ρ, and one-body losses from the pumps during FWM with
{L †L ,ρ} and γ i,j , γ a0 , and γ b0 are loss rates. Since two-body loss is strongly number dependent, within the undepleted pump regime losses predominantly occur from the pump mode. Consequently, the precise value of loss rates involving collisions witĥ a ± atoms relative to γ 0,0 is unimportant, so for simplicity we set γ i,j = γ. We numerically solved these master equations and computed the phase sensitivity under the effect of these losses via the truncated Wigner simulation method [31] . As shown in the left panel in Fig. 3 , these types of particle loss affect pumped-up and conventional SU(1,1) interferometry similarly; consequently, our pumped-up approach maintains its considerable advantage.
(ii) Imperfect particle detection: We model imperfect detection resolution as a Gaussian noise of variance (∆n) 2 , which corresponds to an uncertainty ∆n in the particle number measured at the output. This technical noise increases the quantum noise on the signal, modifying the phase sensitivity: [57] . In general, this modifies the optimal operating point; however, provided ∆n N , the sensitivity of pumped-up SU(1,1) interferometry is independent of imperfect particle detection [31] . This is a further advantage of pumped-up interferometry over conventional SU(1,1) interferometry. Furthermore, this robustness and superior performance is maintained for ∆n > N [see the middle panel in Fig. 3 ].
(iii) Phase difference noise: In contrast to conventional SU(1,1) interferometry, our pumped-up schemes are sensitive to both the phase sum φ and phase differ- 4 . All values plotted are at optimal φ and, for pumped-up schemes, optimal angle θopt and phase ϑopt. These show the dependence on (left) the fraction of particles lost due to (a) two-body and (b) one-body losses, obtained via truncated Wigner simulations; (middle) imperfect particle detection with number resolution ∆n, obtained from semianalytic calculations [31] ; and (right) Gaussian phase-difference noise of variance σ ence ϕ between both arms of the interferometer. If an experiment cannot perfectly control ϕ from shot-to-shot (e.g., energy shifts in spinor BECs due to the linear Zeeman effect), this degrades the sensitivity. We study the effect of this noise by assuming ϕ is a Gaussian noise with variance σ 2 ϕ . As shown in the right panel in Fig. 3 , this degrades the sensitivity of pumped-up schemes compared with conventional SU(1,1) interferometry, particularly for larger values of quantum enhancement. Nevertheless, for the moderate levels of quantum enhancement achievable in practice, pumped-up SU(1,1) interferometry still surpasses conventional SU(1,1) interferometry between a factor of 2 and 10 -even for large σ ϕ . Furthermore, the experimental results of [28] suggest that noise due to ϕ can be minimized in spinor BEC interferometers.
Conclusions-We have shown that pumped-up SU(1,1) interferometry considerably outperforms conventional SU(1,1) interferometry, even when typical experimental losses are included. Importantly, we illustrated the viability of pump enhancement in both spinor BECs and hybrid atom-light systems -which have both realized proof-of-principle conventional SU(1,1) interferometry, and are therefore capable of realizing our pumped-up schemes in the near term. Pumped-up SU(1,1) interferometry therefore pushes the advantages of conventional SU(1,1) interferometry into the regime of high absolute sensitivity, a necessary condition for useful quantumenhanced devices.
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Here the Fock state |n 0 , n + , n − corresponds to the pump modeâ 0 with particle number n 0 and the side modesâ ± with occupation numbers n ± . We assume that the nonlinear process that transfers correlated pairs of particles from the pump to the side modes can be described by the map:
for some set of complex coefficients d k (N ). The spin-mixing HamiltonianĤ SMD = κ(â
is a special case of this map. The initial state Eq. (S1) is therefore mapped to
This state is then 'pumped-up' by passing it through a tritter, described by the Hamiltonian
Since this is a linear process, the evolution can be analytically solved in the Heisenberg picture:
where θ = Ωt for evolution time t. After this tritter, both side modes undergo a phase shift φ/2, corresponding to the unitaryÛ φ = exp(−iφN s /2) whereN s =N + +N − is the number sum operator. That is,N s /2 is the generator of the phase shift φ, which is the classical parameter we wish to estimate. Since all subsequent operations can be conceptualized as part of the measurement process, they do not change the quantum Fisher information (QFI), which is given by the expression
The number-conserving process (S2) implies that all non-number conserving expectations (e.g. â 
Optimal tritter parameters
We now determine the optimal tritter angle θ and phase ϑ that maximize the QFI. Let us begin with the latter.
this implies that two critical points occur (modulo π) at
The tritter phase only affects the QFI via A(ϑ); at the optimal phase A(ϑ ± ) = ± 2| â
0 | ≥ 0, inspection of the QFI Eq. (S8) reveals that ϑ − maximizes the QFI.
We can similarly determine the optimal tritter angle:
Therefore, on the interval θ ∈ [0, π/2] the critical points are θ opt = 0, π/2 and θ
This final critical point only exists if |x c | < 1. Thus,
and
Undepleted pump regime
We now assume that the pumpâ 0 is initially in a coherent state with mean number N and phase ϑ p . Provided the average number of particles outcoupled from the pump to the side modes remains small compared with N , we can assume that the pump remains in a coherent state with a largely unchanged number of particles (i.e. N → N − N s ≈ N ). This is the undepleted pump approximation. Formally, we assume that all relevant expectations with respect to |ψ 1 are given by
where N s ≡ N s . This is consistent with an outcoupling processÛ PA = exp −ir e iϑsqâ +â− + h.c. , and therefore N s = 2 sinh 2 r. Note that we have imposed the constraint N = N 0 + N s . The QFI Eq. (S8) therefore reduces to
where ν = 2(ϑ − ϑ p ) − ϑ sq . The maximum QFI occurs for ν opt = 3π/2 and for tritter angle θ opt = 0, π/2 or θ (xc) c = cos −1 (x c )/2, where
Assuming θ 
Since csc −1 (x) is undefined for |x| < 1, Eq. (S18) implies that the critical point θ
only exists for N s ≥ 1/4. The QFI at the three critical points is
Eqs. (S19) are reported as Eq. (7) in the main text.
Phase sensitivity for Loschmidt echo protocol restricted to side-mode measurements
First we briefly review the Loschmidt echo protocol outlined in [32] ; our pumped-up interferometer [see Fig. 1 
. Furthermore, the variance and slope are Var(Ŝ LE ) = P 0 (1
, implying that when φ → 0 the sensitivity (∆φ) 2 = Var(Ŝ LE )/(∂ φ Ŝ LE ) 2 = 1/F, thereby saturating the QCRB. Now suppose we restrict measurements to the side modes at the output, and we choose to project the output onto the initial (vacuum) side modes with measurement signalŜ LE = |0, 0 0, 0| = N |N, 0, 0 N, 0, 0|. Then
where Q(N, n, θ) and R(N, n, θ) are defined via
withÃ = ( N − 2n, n, n|â
. The first term within the brackets of Eq. (S20) gives
whereas the second yields
Consequently,
and therefore in the limit φ → 0 ∆φ = 1
We can see immediately that this will only saturate the QCRB if θ = 0 and/or Var(N 0 )| ψ0 = 0. However, for a coherent pump Var(N 0 )| ψ0 = N , leading to a sensitivity worse than the QCRB. More concretely, within the undepleted pump regime it is straightforward to show that the optimum tritter phase and angle is ϑ opt = 3π/2 and θ opt = π/4+O(1/N ), respectively, yielding a minimum sensitivity of ∆φ = 2 exp(−r)/N + O(1/N 3/2 ). As shown below, this is identical to the minimum sensitivity obtained with the operationally simpler number-sum measurement.
Phase sensitivity for number-sum measurement in undepleted pump regime
Here we explicitly derive the phase sensitivity for the measurement signalŜ =N s within the undepleted pump regime. This is most easily done by evolving the operatorsâ ± in the Heisenberg picture. Specifically, we take our initial pump state to be a coherent state |α 0 e iϑp where α 0 = √ N andâ ± to initially be in vacuum; all expectations will be taken with respect to this initial state |ψ 0 = |α 0 e iϑp , 0, 0 . The modes then undergo the follow stages of evolution:
[1] Parametric amplification, described by the unitaryÛ PA = exp −ir e iϑsqâ +â− + h.c. :
Under the undepleted pump approximation, we assume thatâ 0 remains in a coherent state. However, we impose number conservation N = N 0 + N + (r) + N − (r) . That is, we assume the pump coherent state amplitude evolves to |α(r)| 2 = |α 0 | 2 − 2 sinh 2 r.
[2] First tritter described by Hamiltonian (S4):
[3] The unitaryÛ (φ) = exp(−iφN s /2) shifts the phase of the two side modes by φ/2 relative to the pump mode:
[4] The second tritter with angle −θ (i.e. a π phase shift relative to the first tritter):
+ (r, θ, φ) +â
[5] Finally, a second parametric amplificationÛ PA (−r) that reverses the evolution of the first parametric amplifier:
We takeŜ = â
+ (θ, r, φ) †â (5) + (θ, r, φ) + â
− (θ, r, φ) †â (5) − (θ, r, φ) as our measurement signal. By expressingŜ in terms ofâ ± andâ 0 , and taking expectations with respect to the initial state |ψ 0 , we can show that
+ cos(φ/4) 2 3 + 4 cos 2 θ + cos
We can determine a posteriori that the optimal phase sensitivity occurs at φ = 0, and
where η(r) ≡ cosh(2r) − sin ν sinh(2r). This reveals that to leading order in N the optimal parameter choice is ν = 3π/2 and θ = π/4. Then the minimum sensitivity is ∆φ N ≈ 2 exp(−r)/ √ N .
Insensitivity to detection noise
We model imperfect detection resolution as a Gaussian noise of variance (∆n) 2 , which corresponds to an uncertainty ∆n in the number of atoms measured at the output. This technical noise adds (in quadrature) with the quantum noise on the signal. Consequently, assuming ν = 3π/2 and θ = π/4:
sec 2 φ 4 + 2e 3r sinh r 1 + 2 cosh(2r) + sin
We have kept φ general, as the inclusion of this noise could potentially shift the optimum operating point. However, for our pump-enhanced SU(1,1) interferometer, to leading order the optimal operating point remains φ = 0, and the sensitivity is independent of the number resolution -i.e. ∆φ ≈ 2 exp(−r)/ √ N . This result is only true provided ∆n N .
In contrast, conventional SU(1,1) interferometry has a weak dependence on detection noise. Specifically,
This has an optimal operating point of
which is in general nonzero, and therefore a minimum sensitivity of
HYBRID ATOM-LIGHT PUMP-ENHANCED SU(1,1) INTERFEROMETRY
The calculations below proceed similarly to those for the spinor BEC outlined above.
Quantum Fisher Information
We assume a general four-mode pure input state of the form
where |n a0 , n b0 , n a1 , n b1 is the four-mode Fock state with n a0 particles in atomic pump modeâ 0 , n b0 particles in photonic pump modeb 0 , and n a1 and n b1 particles in atomic side modeâ 1 and photonic side modeb 1 , respectively. The process that transfers correlated pairs of particles from the two pumps to the side modes is described by the map
The four-wave mixing Hamiltonian [Eq. (3) from the main text] is a special case of this map. The quantum state Eq. (S41) is therefore mapped to
where N a , N b ) . This state is then pumped-up by separately interfering the atomic and photonic modes via the beamsplitting operations:â
For simplicity, we have assumed that the beamsplitting angles and phases for the atoms and photons are identical. The side modesâ 1 andb 1 then undergo a phase shift φ/2 corresponding to the unitaryÛ φ = exp(−iφN s /2), wherê N s =â † 1â 1 +b † 1b 1 is the number sum operator. The QFI is given by Eq. (S6) withN s (θ) =â †
We assume that both pump modes remain in coherent states such that
where N is the average total number of particles in the pump modes (satisfying
is the phase of the atomic (photonic) pump coherent state,N a0 =â † 0â 0 , andN b0 =b † 0b 0 . This is consistent with an outcoupling processÛ PA = exp − ir(e iϑsqâ 1b1 + h.c.) with N s ≡ N s = 2 sinh 2 r. Equation (S46) reduces to
where ν ≡ 2ϑ − ϑ p,a − ϑ p,b − ν sq . The maximum QFI occurs at ν = 3π/2 and for beamsplitter angle θ opt = 0, π/2 or θ (xc) c = cos −1 (x c )/2, where
Assuming optimal ν, θ 
where n f ≡ N a0 / N b0 . Since csc −1 (x) is undefined for |x| < 1, Eq. (S56) implies that the critical point θ
For sufficiently large N s (e.g. N s 10 for
≈ π/4. The QFI is given by
This is reported in Eq. (9) of the main text.
We assume both pumps are initially in coherent states -i.e. |ψ 0 = |α 0 e iϑp,a , β 0 e iϑ p,b , 0, 0 where |α 0 | 2 and |β 0 | 2 are the average number of pump atoms and pump photons, respectively. The evolution through the interferometer proceeds as:
[1] Parametric amplification, described byÛ PA (r) = exp[−ir(e iϑsqâ 1b1 + h.c.)]:
The coherent pump amplitudes evolve to |α(r)| 2 = |α 0 | 2 − sinh 2 r and |β(r)| 2 = |β 0 | 2 − sinh 2 r.
[2] The atoms and light undergo the following beamsplitting operations:
1 (r, θ) =â
[4] The second set of beamsplitters with angle −θ:
0 (r, θ, φ) =â 
1 (r, θ, φ) =â 
1 (r, θ, φ) =b 
1 (θ, r, φ) =â (4) We can determine a posteriori that the optimal phase sensitivity occurs at φ = 0, and therefore 
where η(r) ≡ cosh(2r)−2 √ n f /(1 + n f ) sin ν sinh(2r), N = |α 0 | 2 +|β 0 | 2 , and n f = |α 0 | 2 /|β 0 | 2 . Therefore, to leading order in N the optimal parameters are ν = 3π/2 and θ = π/4.
Insensitivity to detection noise
For an uncertainty ∆n in particle detection, the phase sensitivity for parameters ν = 3π/2 and θ = π/4 is ∆φ = (1 + n f ) sec 2 (φ/4) (1 + n f )B(r, φ) + 2 √ n f C(r, φ)
(1 + n f ) cosh(2r) + 2 √ n f (2 cos(φ/2) − 1) sinh 
To leading order the optimal operating point remains φ = 0, and the sensitivity is independent of the number resolution -i.e. ∆φ ≈ 2 exp(−r)/ √ N for n f = 1.
randomly sampling the Wigner distribution for a coherent state (for modeâ 0 ) or a vacuum state (for modesâ ± ); explicitly α 0 (0) = √ N + η 0 and α ± (0) = η ± for independent Gaussian noises η i satisfying η i = 0 and η i η j = δ i,j /2 [41] .
In Fig. 2(a) of the main text, pump depletion during the spin-mixing step was accounted for by numerically simulating Eqs. (S70) with the loss rates set to zero. This gave the required expectations needed to compute, for example, the QFI Eq. (S8). For the upper left panel of Fig. 3 , for simplicity we assumed γ i,j = γ for all i, j.
For our hybrid atom-light system, one-body losses from the pump modes during the Raman process were modelled using
which after the TW approximation was unravelled into the following set of SDEs:
where γ a0 and γ b0 are the single-body loss rates for the atomic and photonic modes, respectively, the operator correspondences areâ i → α i andb i → β i , and dξ i (t) are complex Wiener noises satisfying dξ * i (t) = 0 and dξ * i (t)dξ j (t) = δ i,j dt. Again, for simplicity we set γ a0 = γ b0 . Fig. 3 of the main text displays the relative sensitivities for pumped-up SU(1,1) interferometry compared with conventional SU(1,1) interferometry. However, when one is interested in the regimes where pumped-up SU(1,1) interferometry surpasses the shot-noise limit, the absolute sensitivity is the relevant metric. Although much of this data can be extracted directly from Fig. 3 of the main text (by virtue of the many well-established results from conventional SU(1,1) sensitivities), for convenience we have plotted these sensitivities below in Fig. [S1] .
ABSOLUTE SENSITIVITIES FOR PUMPED-UP SU(1,1) INTERFEROMETRY UNDER LOSSES

